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Abstract 
Let W(n, m) denote the graph of order n obtained from the wheel /4", be deleting all but 
m consecutive spokes, and W(n, n - 2) + K k, the join of W(n, n - 2) and K k, which is obtained 
from the union of W(n, n - 2) and K k by joining each vertex in K k. In this paper, we prove 
that the graph W(n,n - 2) + K k is chromatically unique for each integer n >~ 6 and integer 
k>~O. 
1. Introduction 
We consider only simple graphs. For a graph G, let V(G) and E(G) denote the vertex 
set and the edge set of G, respectively. If S is a subset of V(G), we denote by G[S,I the 
subgraph induced by S in G and by Ns, the set of all vertices each of which is adjacent 
to some vertices of S. If S = {x} for some vertex x in G, we replace Ns by Nx. The join 
of two graphs G and H with V(G) n V(H) = 0, denoted by G + H, is defined as the 
one with the vertex set F= V(G)w V(H) and the edge set E = E(G)w E(H)w 
{(x,y)lx ~ V(G) and y e F(H)}. For all the other notations and terminologies not 
explained here we refer to [4-]. 
Let P(G, )0 be the chromatic polynomial of a graph G. Two graphs G and H are said 
to be chromatically equivalent if P(G, 2) = P(H, 2). A graph G is chromatically unique 
if H is isomorphic to G for any graph H such that H and G are chromatically 
equivalent. 
In [2-l, Chia has proved that the graph W(n, n - 2) is chromatically unique for even 
n >~ 6. In this paper, we show that the joint graph W(n, n - 2) + Kk (e.g., the graph 
W(6, 4) + K2 in Fig. 1) is chromatically unique for any even integer n ~> 6 and integer 
k>~O. 
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Fig. 1. W(6,4) + K2. 
2. Some known results 
For a graph G, let ~((G) denote the chromatic number of G, and nG(Q) denote the 
number of induced subgraphs of G that are isomorphic to the graph Q. 
Lemma 1. Let G and H be two chromatically equivalent graphs. Then we have: 
(i) I V(G)l = I V(H)I; 
(ii) IE(G)I = IE(H)I; 
(iii) x(G) = x(H); 
(iv) ha(C3) = nil(C3) ,
(V) r iG(C4) - -  2r iG(K4)  = HH(C4) - -  2nn(K4); 
(vi) G is connected if and only if H is connected; 
(vii) G is 2-connected if and only if H is 2-connected; 
(viii) G is uniquely z(G)-colorable if and only if H is uniquely z(H)-colorable. 
Lemma 
P(G, 2): 
(1) G 
(2) 
2. The following relations hold for a graph G and its chromatic polynomial 
is connected if and only i f2 2 does not divide P(G, 2); 
is a block if and only if22(A - 1) 2 does not divided P(G,2). 
Let C be a cycle longer than three in graph G. If C is an induced subgraph of G, we 
call C a chordless cycle. Some graphs do not have any chordless cycles. A graph is 
called a chordal graph if there is no chordless cycle in it. For a path P in G, if P is an 
induced subgraph of G too, then we call P a chordless path. 
K1 is called the generalized tree of order 1. A graph G of order n >/2 is called 
a generalized tree if there exists a vertex x ~ V(G) such that the subgraph G[Nx] 
induced by Nx is complete and G - x is a generalized tree of order n - 1. Any tree is 
a generalized tree and any complete graph is also a generalized tree. 
In [3], we gave some properties about chordless cycles and generalized trees. 
Among them, the following results will be used in the sequel. 
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Lemma 3 (F.-M. Dong [3]). A graph is a generalized tree if and only if it is a connected 
chordal graph. 
Lemma 4 (F.-M. Dong [3]). Let x be a vertex in a graph G of order n >>. 3, and 
d(x) < n - 1. Let $1 . . . . .  S~ be the vertex sets of components of the graph G - x - Nx. 
Then there is no chordless cycle of G containing x if and only if the induced subgraph 
G[Nx n Ns,] is complete for any i = 1 . . . . .  m. 
Lemma 5 (F.-M. Dong [3]). Suppose that G is a generalized tree which is not 
complete. Then there exist at least two nonadjacent vertices x~ and x2 such that G [Nxi] 
is complete for any i = 1, 2. 
3. Additional iemmas 
In this section, we introduce some lemmas. 
Lemma 6. Suppose that xu l . . ,  u~y and xvl  ...vty are two internally disjoint chordless 
x -y  paths in a graph G, where s >t 1 and t >~ 1. Then 
(1) when s = 1, the subgraph G[S], where S = {x, u l ,v l , . . . ,v t} ,  is the chordal 
subgraph of G if and only if ul is adjacent to every vertex vi, i=  1 . . . . .  t; 
(2) when s >~ 2 and t >>. 2, if (Ul,Vl) ~ E(G), or (ul,vl) e E(G) but (u2,vl) ~ E(G) 
and (ul,v2)~ E(G), then there exists a chordless cycle C: Ulo...UlXVl...vioUio or 
uio.., u~ v~ ... VjoUi o, respectively, where 
io = min{i l(ui ,vj)  e E(G), 1 ~< i ~< s, 1 ~<j ~< t, i + j  ~> 3}; 
Jo = min{jl(U,o, Vi) e E(G), 1 ~<j ~< t}. 
The proof of Lemma 6 is straightforward. 
Lemma 7. Let B1,82 . . . .  ,B  k be k disjoint independent vertex subsets of a graph H, 
k >~ 2 and Ul<~i<~kBi = V(H).  I f  the following three conditions hold, then H is a 
chordal graph. The three conditions are as follows: 
(1) H[B i  w Bk] is a forest for any i with 1 <<. i <<. k - 1; 
(2) H - Bk is a chordal subgraph of H; 
(3) For any vertex x in I k and any i,j with 1 <<, i < j <~ k - 1, if x is not an isolated 
vertex in the subgraph H[B i  w Bj u Bk], then H[Nx  c~ (Bi u Bi)] is connected. 
Proof. When k = 2, the lemma holds. Now let k ~> 3. Since H-  I k is a chordal 
subgraph of H, H[B i  w Bj] is a forest for any i,j with 1 < j ~< k - 1. For any chordless 
cycle C of H, by the condition (2), we know that V(C) n B k # 0. We can suppose that 
V(C) n Bi ~ 0 for any chordless cycle C and any i with 1 ~< i ~< k - 1, since H - Bi 
still satisfies the three conditions in the lemma. 
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q = min [C[. 
Ce¢l, 
IV (C)~Bk I=p 
Let Coe~,  [g(Co)~Bk[ =p, [Col =q,  and we V(Co) nBk,  Co-w be a path 
xul . . ,  usy, s/> 1. Without loss of generality, we assume x,y e B1 w B2. Since the 
subgraph H[N,n(B luB2) ]  is a tree, there is a unique x -y  path xvl. . .vty in 
H[B1 uB2] ,  and w is adjacent to each vi, i - -  1 . . . . .  t, t >i 1, as shown in Fig. 2(a). 
Thus xul. . .u,y and xv~...vty are two internally disjoint chordless x-y  paths. If 
there is a chordless cycle C'  in the induced subgraph H[S] ,  where 
S = {x, y, ul , . . . ,  us, vl .... .  vt }, then C' e • and [ V(C') c~ B1 [ < p, a contradiction. 
Therefore, HIS] is a chordal subgraph. 
Case 1: t = 1 (see Fig. 2(b)). Since H[S] is a chordal subgraph, by Lemma 6(1), 
vl is adjacent o u~ .. . . .  Us. So V(Co) n B~ or V(Co) n B2 = 0 when vl e BI or vl e B2, 
respectively. This is a contradiction. 
Case 2: t/> 2 and s = 1 (see Fig. 2(c)). By Lemma 6(1), we know Ul is adjacent 
to each vi: 1 ~< i~< t. So UlCB~ wB2 and we get a chordless C": wxu~v2w. But 
V(C") n B1 = 0 or V(C") r~ B2 = 0. This is also a contradiction. 
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Case 3: t >/2 and s >~ 2 (see Fig. 2 (d)). So q >/5. By Lemma 6(2), we know 
(ul ,v l )  e E, and (uz,vl) e E or (ul ,v2) e E. If (u2,vl) e E, we get a chordless cycle C'": 
WVx ui .... usw, where i' = max {i [ (vx, ui) e E, i = 2 .. . . .  s }. But since [ V(C'") c~ Bkl <<- P 
and I C"l < q, we also get a contradiction. If (ux,v2) e E, we get a chordless wxul v2 w. 
Like Case 2, we obtain again a contradiction. 
From the above discussion, we conclude that Co does not exist. Hence • = 0, and 
by Lemma 3, H is a chordal graph. [] 
The following lemma follows immediately from Lemma 7. 
Lemma 8. Let B1 . . . . .  B k be k disjoint independent sets of a graph H, where k >1 2 and 
U1 <~ i<~ k Bi = V(H). l fH  [ B i k.) Bj]  is a forest for each pair i, j: 1 <~ i < j <~ k, and x is an 
isolated vertex in the subgraph H[Bi ~ Bj w Bt] or H[Nx ~ (Bi ~3 Bj)] is connected for 
any x e Bt and any i, j, t, 1 <~ i < j < t <~ k, then H is a chordal graph. 
For q ~> 2, Kq is called the smallest q-tree. For a graph G of order n > q, if there is 
a vertex x in G such that G[Nx] is isomorphic to Kq and G - x is a q-tree of order 
n - 1, then G is called a q-tree of order n. F rom Lemma 8, we can easily derive the 
following result which was conjectured by Whitehead, Jr. in [5] and first proved by 
Chao et al. [1]. 
Corollary. A graph G is a q-tree of order n, where n >>,q >~2, /f and only if 
P(G,2) = 2(2 - 1 ) . . - (2 -  q + 1) (2 -  q)"-q. 
Lemma 9. Let Aa ,A2 ,A  3 be the three disjoint independent sets of graph G, and 
U l <<. i<~ 3 Ai = V(G). I f  G IAI ~ A j[ is a forest for any i, j, 1 <~ i < j <~ 3, then there exists 
at least one vertex x e V(C) c~ A, such that to~(x) > O for any chordless C of G and any 
1 <~ t <<. 3, where to~(x) + 1 is the number of components of the subgraph G[Nx]. 
Proof. Consider the subgraph G - lit where V, = {x lx  e Az and toG(x ) >t 1 }. By 
Lemma 8, G - Vt is a chordal subgraph. Thus V(C) c~ V, 4: O. [] 
4. The main result 
In this section, we will prove the result that W(n, n -  2)+ K k is chromatically 
unique for each integer n/> 6 and integer k >~ 0. 
We have 
P(W(n,n  - 2),2) = 2(2 - 2)[(2 - 1)z(2 - 2 )  n -4  - (2  - 2) n-3 + ( - -  1)n-  3 ] ,  
and 
P(W(n ,n -  2) + Kk,2) = 2"" (2 - -  k + 1)P (W(n ,n -  2) ,2 -  k). (1) 
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Theorem. For any even integer n >I 6 and integer k >1 0, the 9raph W(n, n - 2) + K k is 
chromatically unique. 
Proof. Our proof is divided into the following steps: 
(a) Suppose that H is a graph satisfying P(H, 2) = P( W(n, n - 2) + Kk, 2). From 
Lemmas 1 and 2, we have the following properties of H: 
(1') I V (H) I  = n + k, [E(H)[ = 2n - 3 + ½k(k - 1) + kn, nn(C3) = n - 3 + (k) + 
n(k) + k(2n - 3); 
(2') H is 2-connected; 
(3') H is uniquely (k + 3)-colorable: 
From (1), H also has the following property: 
(4') (2 -  i) 2 does not divide P(H,2), for i=  0 ..... k + 2; (2 -  i) does not divide 
P(H, 2), for i/> k + 3. 
(b) By (3'), we may denote the k + 3 color classes of a (k + 3)-coloring of H by 
A1,. . . ,  Ak+3. Then, the induced subgraph Hi, j = H[A~ u Ai] in H is connected for i, 
j with 1 ~< i< j  ~< k + 3. Hence, [E(Hid)] >~ IAil + IA j l -  1 and 
[E(n)l = ~ I(E(H~j)I >/ ~. (Ia, I + I a j l -  1) 
1 <~ i<j<~k+3 1 ~ i<j<~ k+3 
= (k + 2)(IAxl + -.. + IAk+3l)-- ½(k + 2) (k + 3) 
= (k + 2) (n + k ) -  ½(k + 2) (k + 3) 
= nk + 2n + ½k 2 - ½k-  3. (2) 
Since IE(H)I = nk + 2n + ½k 2 - ½k - 3, we have the following equations: 
IE(H~j)I = IA~[ + IA:I - 1, 1 ~< i < j  ~< k + 3. 
So, H~,j is a tree for any i , j  with 1 ~< i < j  ~< k + 3. 
(c) For 1 <<. ix, i2, i3 ~ k + 3, ix 4= i2, i2 :/: i3, il ¢ i3, let 1 + coi2,13(x) denote the 
number of components of the induced subgraph Hi2,1~[Nx] in Hi2,i3, and di2,i~(x) be 
the degree of x in the induced subgraph H[A~, u Ai2 u Ai~], where x ~ At,. Since 
Hi, ,i~ and Hi, ,i~ are trees, thus c%,i3(x) >t 0 and ogi2,i~(x) = 0 if and only ifHi~,i3[Nx] is 
a tree. So, we can calculate nu(C3) as follows: 
nH(C3) = E 2 (di2,i3 (X) - 1 -- (Di2,i3(x)) 
x <~il<i2<i3<~k+3 x~Ai, 
= ~ (IE(Hi,,i2,i3)l-lE(ai~,i~)l-laql) - ~ ~%,i~(x) 
X ~< i I <12<i  3 ~< k+ 3 X ~< i1 <12<13 ~< k+ 3 
x~Aij 
= E (Ig(Hq.~2)l + IE(H~,,~3)I + Ig(Hi~,i3)l 
X <~i1<i2<i3<~k+3 
- [A , , I -  IAi~l- Iai~l + 1) -  ~ toi2.1~(x ) 
X <~il<i2<i3<~k+3 
xEAI  x 
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=(k+l ) lE (n ) l - -  (k+2) (k+l ) lV (n) l+  3 
- y ,  %,, , (~)  
1 <~ i l<i2<i3<~k+3 
xEAi~ 
= (k + 1)(2n - 3) + ½k(k - 1) + kn) - ½(k + 2)(k + 1)(n + k) 
+ ~(k + 3)(k + 2)(k + l) - y~ %,,,(~). (3) 
1 <~il<i2<i3<~k+3 
x~Ai~ 
Since nn(C3) = n - 3 + (~) + k(2n - 3) + n x ½k(k - 1), it follows that 
c%,,~(x) = 1. (4) 
1 <~il<i2<i3<~k+3 
x~Ai~ 
So there is one and only one term on the left of expression (4) which is not zero. 
Likewise, we have the similar results: 
y~ %,~(x)  = 1; 
1 <~i1<i2<i3<~k+3 
x~Ai 2 
%,i~(x) = 1. (5) 
1 ~i l<i2<i3<~k+3 
xEAi~ 
(d) Without loss of generality, let ~o2.3(Xo) = 1 for the unique vertex Xo ~ A1. Since 
H2,  3 is a tree, we get a chordless cycle C~ in H1,2,3:  Xoy 1 ...ymXo, where y~ ...Ym is 
a path in the tree H2,  3. From Lemma 9, we know that there are at least two vertices 
YO ~ V(C1)~A2 and Zo ~ V(C1)(3A3 such that 091,3(Yo)= 1 and ~L.E(zo)= 1. In 
what follows, let Xo, Yo, Zo be fixed vertices. By the results of (3) and (4) and 
(5), we have 
1, i 2 = 2, i 3 = 3, x = Xo; 
coi2,i3(x) = 1, i 2 = 1, i 3 = 3, x - Yo; (6) 
1, i2 = 1, i 3 = 2, x = Zo; 
0, otherwise. 
(e) From Lemma 8, we know that H - A1 is a chordal subgraph. From (6) and by 
Lemma 7, H - Xo is also a chordal subgraph. So, any chordless cycle C of H contains 
the vertex Xo. Similarly, C contains the vertices Yo and Zo. 
(f) F rom Lemma 1, we know that nn(C4) - 2nn(K4)  is odd. So, nn(C4)/> 1. Let 
Co be a chordless cycle of length 4 in H. From (e), Xo, Yo, Zo e V(Co). Let Uo be the 
fourth vertex in Co. Without loss of generality, let Yo,Zo be the two vertices of 
Co adjacent o Xo (see Fig. 3(a)). 
Observe Uo ~ A1, otherwise, Uo e Ai, 4 ~< i ~< k + 3. Let XoVl ...V, Uo be the unique 
path in the subgraph H[A1 w Ai] with ends Xo and Uo, where t/> 2 is even. By the 
result of (d), Yo and Zo are adjacent o each vertex vj, j = 1 . . . . .  t (see Fig. 3 (b)). Then, 
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yoVl ZoUoYo is also a chordless cycle of order 4 in H. But Xo is not on the cycle. This 
contradicts the result (e). So, Uo e A1. 
Let P(Yo, Zo) be the unique path in the subgraph H [A2 w A3] with ends Yo and Zo. 
Then, Uo is adjacent to each vertex of the path and Xo is not adjacent to any inner 
vertex of the path (see Fig. 3(c)). Therefore, the subgraph Ho induced by the vertex 
subset {Xo,Uo}W V(P(yo,zo)) is isomorphic to some graph W(n',n'-2), where 
n' = [ V( P(Yo,Zo))l + 2 is an even integer greater than six. 
(g) We claim that for any separating vertex subset S of H, H[S] is not complete. 
Otherwise, we suppose So is a complete separating vertex subset of H. Let H~ and 
H2 be two subgraphs of H such that H1 w H2 = H and H~ n H2 = HI-So-]. If each of 
the two subgraphs i not a chordal one, then by (e), xo,Yo,Zo are in V(HI)c~ V(H2). 
So, Xo, Yo, Zo e So. But (Yo, Zo) ¢ E, a contradiction. Without loss of generality, let 
HI be a chordal subgraph of H. By Lemma 5, there is a vertex v in H~ - So such that 
H[Nv] is complete. Thus 
P(H,2) = (2 - d(v))P(H - v,,~). 
We know x(H - v) >~ k + 2 and d(v) ~< k + 2. Ifx(H - v) = k + 2, let A'~ ..... A;+2 be 
the k + 2 color classes of a (k + 2)-coloring of H -- v. Then, we get the k + 3 color 
F.-M. Dong, Y. Liu/Discrete Mathematics 145 (1995) 95 103 103 
classes {v}, A'I . . . . .  A~+ 2 of a (k + 3)-coloring of H, and the induced subgraph of 
Ai w {v} should be connected for i = 2, 3. So (v, Yo) ~ E and (v, zo) ~ E. But, (Yo, Zo) ~ E. 
This contradicts the fact that H[Nv]  is complete. Thus, x (H-  v)= k + 3 and 
(2 - d(v))ZlP(H, 2), which again is a contradiction. 
(h) We now claim that V(C) c~ At = {Xo } for any chordless cycle of C of H different 
from uoYoXoZoUo. By (e), we know that Xo, Yo, Zo ~ V(C). But Uo ¢ V(C) (see Fig. 4). If 
Uo is not adjacent o some vertex of the path C - Xo, then we get a chordless cycle 
which does not contain Xo, a contradiction. So, Uo is adjacent o each vertex of the 
path C -  Xo. Thus V(C)c~ A1 = {Xo}, as required. 
(i) Because for each i, 4 ~< i ~< k + 3, the subgraph HIA1 w AiI is a tree, there exists 
at least one vertex x~ in A~ which is adjacent o Xo. If there is a chordless cycle 
containing xi, then such a chordless cycle should contain Xo, Yo, Zo. But (x~, Xo) e E, 
a contradiction. So, there does not have any chordless cycle of H containing xi. By 
Lemma 5 and the result of (g) it follows that d(x~) = n + k - 1. 
(j) From (i), we know that IA~I = 1 for i = 4 ..... k + 3. We also know that any 
chordless cycle C of H is in H[A~ w Az w A3]. By the result of (g), C is the cycle 
UoYoXoZoUo, or C - Xo is a path in H[A2 w A3] with ends Yo and Zo, i.e., C is the cycle 
xoP(Yo Zo)Xo. If H[A1 w A 2 W A3] ~: Ho, let u be one vertex of H[A I  w A 2 W a3]  
but not in Ho. Then, there is no chordless cycle of H containing u. By Lemma 6, 
d(u) = n + k -1  or there is a separating vertex subset in H whose induced 
subgraph is complete. Each of these two cases leads to a contradiction. 
Therefore, H[A1 ~A2k3A3]  = Ho. Thus H ~- W(n',n' - 2) + K k. So, n = n' and 
H ~- W(n',n' - 2) + Kk. The proof is thus complete. [] 
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